The diffuse reflection light-emitting diode (LED) lighting system is widely used in many areas with its advantages of high uniformity. In order to optimize the lighting performance of noncircular LED arrays, especially illumination efficiency, this paper proposed an off-axis design method for diffuse reflective surface, a mathematical model of a diffuse reflective off-axis surface based on noncircular LED arrays and desired value of the target plane and energy conservation is established. By solving the nonlinear equations, a number of 2-D curves are obtained and use modeling software to combine these 2-D curves into offaxis surface. The results show that the uniformity and efficiency are significantly improved compared with other methods.
Introduction
The light-emitting diode (LED) is a new generation of light source, with the advantages of energysaving, environmental protection, and high efficiency. Without secondary light distribution, lighting effects of LED cannot meet the requirements in certain lighting situations because of their Lambertian irradiation distribution. In order to improve the lighting performance of the LED, the secondary light distribution design of the LED array is needed.
In recent years, the research on LED lighting has made great progress, especially in the field of reflective lighting and refractive lighting. The simultaneous multiple surface (SMS) method is proved to be an effective method in illumination efficiency. This method can perfectly coupling two pairs of wave fronts and two freeform surfaces can be obtained, a combiner designed by this method, which can typically increase the LED output by 30-40% compared with flat-cover LEDs by eliminating light confinement within the package [1] . Grabovičkić introduced the Simultaneous Multiple Surface design method in three dimensions (SMS3D) into the design of freeform V-groove reflectors [2] , and the simulation results show that more than 90% of the rays have reached the target plane with the size of 10 × 10 μm. Benítez [3] proposed the SMS method in 3D geometry, which provided an optical system with two freeform surfaces, the SMS method made the light emitted better than single freeform-surface designs and improve the efficiency. Hernandez [4] presented a new design of a TIR lens-mushrooms device developed with the SMS method, which also reduce the loss and improve the efficiency. Some other methods are also used to enhance the illumination efficiency. Miñano [5] proposed a design procedure of a new non-imaging concentrator, Ray-tracing analysis of his procedure showed total transmissions of greater than 94.5%. Some methods are proposed to enhance the uniformity such as Fresnel-lens, Miñano [6] introduced Fresnel-lens into the design of photovoltaic concentrator, obtained high uniformity. Optimization of LED arrays can also improve the uniformity, Moreno [7] , [8] proposed a scheme for direct illumination, which obtained the uniform distribution of LED arrays with different configurations. Some improvements of uniformity had been made through calculation method. Ding [9] , [10] introduced the energy conservation into the design of the lens, and the desired value of the target surface is used as a condition to establish a partial differential equation. Uniformity can also be promoted by diffuse reflection. Tsuei [11] - [13] used the diffusion characteristics to design a LED lighting system to reduce glare problems in indoor lighting. The traditional reflector or refractive lens has a high requirement for the processing precision and the material, while the diffuse reflector has the advantages of convenient materials, high uniformity and easy processing, it is widely used in daily life, but the efficiency of the diffuse reflector is lower than other designs, and therefore, the improvement of the diffuse reflector's efficiency and uniformity is still a significant research. Zhu [14] introduced diffuse reflection into the design of lighting system, built a mathematical model of diffuse reflecting hemisphere surface based on a circular LED array. Compared to the traditional direct lighting, the uniformity and efficiency of diffuse reflecting hemisphere surface has greatly improved, but the diffuse reflection theory still has the space to improve the uniformity and efficiency. Therefore, a mathematical model of rotational symmetry diffuse reflection surface based on a circular LED array was presented by Zhu [15] , [16] , by solving a series of nonlinear algebraic equations, compared to the diffuse reflecting hemispherical surface, the uniformity and efficiency of the diffuse reflecting rotational symmetry surface is further promoted, but the rotational symmetry surface is only applicable to the circular LED array, which cannot meet the other LED array. Compared to the diffuse reflecting rotational symmetry surface, the off-axis method can meet more shapes of the LED array and reduce the requirement of the LED array. In this paper, we designed some off-axis surfaces for non-circular LED arrays and obtained a higher uniformity and efficiency compared to traditional methods. This paper presents a method of designing diffuse reflection off-axis surface, which can be used to obtain different off-axis surfaces based on different LED arrays. The designed off-axis inner surface redistributes the energy emitted from a LED, and then, the target plane can obtain a higher uniformity and efficiency. First, the irradiance distribution over the off-axis surface based on a hexagonal LED array is obtained according to the Lambertian characteristic. Second, the irradiance of the target plane can be represented by a mathematical simulation algorithm based on the energy conservation and the bidirectional reflectance distribution characteristic of the diffuse surface and then set the desired value on the target plane and establish a series of nonlinear algebraic equations. Finally, solve the nonlinear algebraic equations in numerical way and a single two-dimensional curve can be obtained, then a series of 2-D curves can be calculated in different directions and combined into off-axis surface. The simulation results show that our design has a good lighting performance and uniformity can reached more than 90%, compared with traditional design methods, the efficiency has improved significantly, in the far-field lighting situation, the efficiency of the off-axis surface of hexagonal LED array can reach to 70.86% based on a hexagonal LED array, while the efficiency of rotational symmetry is 64.73%, and the efficiency of direct irradiation is only 47.59%.
Design Method of the Diffuse Reflection Off-Axis Surface
Before the design of diffuse lighting system, we need to analysis LED light field, the radius of LED chips are generally between 1 mm and 3 mm, and the size of the whole system is close to 40 mm, which is 5 times bigger than the radius of LED chip, so a single LED chip in the diffuse lighting system can be approximately seen as a point source. Ideally, the intensity distribution of the LED point light source can be expressed as
I (θ) is the intensity of the LED light source in an arbitrary direction, θ is the angle between the light and the axial light, and I 0 is the axial light intensity of LED chips. When the angle between the ray and axial ray is equal to the light emitting angle θ 1/2 , the light intensity is equal to half of the axial intensity. If the LED is Lambertian distribution, m can be regarded as 1, if the irradiance distribution of LED is unknown, m can be got from light-emitting angle θ 1/2 which provided by the manufacturer.
Therefore, the axial illumination of LED was obtained, E 0 is equal to the I 0 divided by d squared, and d is the distance from the LED to diffuse reflective inner surface:
The illuminance distribution of LED can be calculated using (3) and (1):
In the diffuse lighting system, we use the Cartesian coordinates as the LED array and discrete point coordinate on the diffuse reflective inner surface:
is the illumination of a single LED chip over the diffuse reflective inner surface, (X , Y, Z ) are discrete point coordinates on the diffuse reflective inner surface. (X l , Y l , 0) is coordinate of each LED chip, β is the angle between the projection of curves of the diffuse reflective inner surface on the plane XOY and the positive direction of X axis. Because each LED chip is independent, the total illumination of the LED array E a (X , Y, Z ) is equal to the superposition of the illumination of each LED chip E (X , Y, Z ), then we obtain.
In the traditional design of diffuse reflective surfaces, the shapes of LED arrays are circular, it only needs to obtain one 2-D curve, and then rotate around the axis by a week to obtain the diffuse reflective inner surface, this method is only applicable to circular LED arrays. For non-circular LED arrays, a 2-D curve cannot meet the entire LED array, so it is necessary to calculate a series of 2-D curves in different directions of the array.
In order to increase the utilization of energy and reduce the number of LED, a thinned hexagonal LED array is used in this paper, which has 12 LED chips. β is the angle between the positive direction of X axis and different planes. Set the two-dimensional curve in the plane M, plane M perpendicular to the plane XOZ, β 1 is the angle between plane M 1 and plane XOZ. In the plane M 1 , (3) can be changed to
X l cos(β 1 ) + Y l sin(β 1 ) can be defined as the distance between the LED chip on the X axis and the origin after LED array rotate β 1 degrees clockwise.
is the vector of exit ray, there is an intersection between the exit ray and the target plane, R g is the distance between the intersection and the zero point. D is the distance between the LED array and the target plane. There is also an intersection between the incident ray and the diffuse reflective inner surface, R is the distance between the intersection and the Z axis, N = (−dZ , −dR ) is the normal vector of the intersection, and the angle between − − → Exi t and N can be expressed as
The intensity distribution of the diffuse reflective inner surface can be expressed as
I s0 is the axial intensity of diffuse reflective inner surface, m is equal to 1 according to the Lambertian reflective properties of inner surface. The diffuse reflector can be regarded as a source emitting surface composed of many Lambertian point lights; the illumination of any point on the target plane can be obtained:
l is the distance between the target plane and diffuse reflector. The BRDF is bidirectional reflectance distribution function, which used to represent the free surface reflectance properties, the illumination surface is divided into many units, φ is a luminous flux of a single target illumination unit.
Discretize (10) by substituting (7) into (13) . In the intersection of the plane M 1 and plane XOY, the illumination of a single discrete point on the target plane is obtained:
On the plane M 1 , N is the number of discrete points in the intersection, and R i is the distance of the ith point and the origin, Z i is the Z coordinates of ith discrete point in the intersection. E (R i , 0, Z i ) is the illumination of ith discrete point. On the target plane, R gh is the hth discrete point. There are N discrete points in the corresponding line of the target plane. According to the energy conservation, the total illumination on the line of the target plane is equal to the total illumination on the two-dimensional curve of the off-axis surface. According to the principle of illumination uniformity, the illumination of each discrete point on the line of target plane are equal.
If we set a new plane named M 2 ; similarly, plane M 2 is perpendicular to the plane XOY, β 2 is the angle between plane M 2 , and plane XOZ, then (3) can be changed to:
At the intersection of the plane M 2 and plane XOY, according to the solution of the first twodimensional curve, the illumination of a single discrete point on the target plane is obtained: On the plane M 2 , N is the number of discrete points on the intersection, R i is the distance of the ith point and the origin, Z i is the Z coordinates of ith discrete point in the intersection and E (R i , 0, Z i ) is the illumination of ith discrete point. Fig. 1 shows a 2-D curve in a plane. On the target plane, R gh is the hth discrete point. There are N discrete points in the corresponding line of the target plane. According to the energy conservation, the total illumination on the line of the target plane is equal to the total illumination on the curve of the off-axis surface. According to the principle of illumination uniformity, the illumination of each discrete point on the line of target plane are equal.
As the number of 2-D curves increases, the accuracy of the off-axis surface also increases. In this paper, we select a hexagonal array as an example. In the first quadrant, π/3 divided into M parts, and therefore, the angle between the plane M j and the plane XOZ is obtained:
The total illumination of the target plane is equal to the sum of illumination from 6 * M parts:
The number of the discrete points on the target plane is 6 * M * N, the average illumination of the target plane is obtained:
According to the requirements
Using MATLAB to solve the equations, the least square method is introduced to fit the result, and the off-axis surface is obtained. Fig. 2 shows the combination process of off-axis surface. 
Results

Illumination Uniformity
Once the off-axis surface was obtained, TracePro is used to simulate and verify the results of the diffuse reflecting off-axis surface illumination performance. Here, we use an hexagonal array consisting of 12 LED, with the size of 1 × 1 mm and the power of the single LED is 1 w. Compared to the size of the off-axis surface, the single LED can be regarded as a point light source. The range of near-field distant defined was less than 1000 mm, by adjusting the illumination distance and the size of the target plane, we compare four kinds of diffuse reflective surface, which are off-axis, rotational symmetry, hemisphere and direct, to verify the validity of the design method of the off-axis surface.
In addition, several array configurations were used to validate the correctness and advantage of this method. As Fig. 3 shows different configurations of LED arrays: a hexagonal LED array, a square LED array, a triangle LED array. Fig. 4 shows different diffuse reflective off-axis surface for LED arrays. Table 1 shows the illumination uniformity of four illumination systems in the near-field situation.
It seemed that the illumination uniformity of the target plane is decreased with the increase of the source-target distance. Fig. 5 shows the simulation results of the target plane. Fig. 6 shows the illumination uniformity of hexagonal arrays in different conditions. Because of the local asymmetry of LED arrays, the rotating symmetry surface and the hemispherical surface cannot satisfy the diffuse reflective illumination of the LED array. With the increase of the source-target distance, the uniformity of traditional systems are unstable. In this paper, the illumination uniformity of the off- axis surface is higher than the other lighting systems. At the same distance, different radius of the target plane, the illumination uniformity is also higher than other lighting systems. For hexagonal array, when the source-target distance is D = 400 mm, and the radius of the target plane is 100 mm, the uniformity of illumination reaches the maximum, when the source-target distance D = 600 mm, and the radius of the target plane is 150 mm, the uniformity of illumination reaches the maximum, when the source-target distance D = 800 mm, and the radius of the target plane is 200 mm, the uniformity of illumination reaches the maximum. 
Illumination Efficiency
Compared with other diffuse reflective surfaces, the efficiency of the diffuse reflective off-axis surface is also advantageous in the near-field situation and far-field situation. Table 2 shows the illumination efficiency of four illumination methods in the near-field situation. Especially in the farfield, the advantage is more obvious. Three array configurations mentioned in the previous paper were used to validate the correctness and advantage of our method.
Compared with other methods, our method can adapt to the special shape of the LED array, which can improve the uniformity of illumination and the efficiency of the system. In particular, through the experiment, in the far-field and large-range lightings, this method can significantly improve the efficiency of lighting system. Table 3 shows the far-field illumination efficiency. At five different source-target distances, the efficiency over the target plane of diffuse reflecting off-axis surface for hexagonal array are shown in Fig. 7 . It is clearly seen that the efficiency of the four lighting systems are decreased with the increase of the distance Z, and the efficiency of the off-axis surface is higher than the other three lighting systems. For the hexagonal array, when the distance is 5000 mm, the lighting efficiency of hexagonal array with off-axis surface can still maintained at more than 10%, and under different source-target distances, the illumination efficiency of the off-axis surface has an obvious advantage; what is more, the efficiency can be increased by 23.27% compared with traditional direct irradiation.
